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are unaffected by the valve reaction transients since these are
internal forces.
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Electrolytic Capacitor Power Source Design for
Quasi-Steady Magnetoplasmadynamic Arcs

MARCO S. Di CAPUA* AND HELMUT L. KURTZ|
Institutfur Raumfahrtantriebe, University of Stuttgart, Stuttgart, F.R. Germany

An "LC-Ladder" network is investigated theoretically and experimentally to determine the effect of the
capacitor series resistance Rc and the inductor series resistance RL on the shape of the current pulse, on the
efficiency of energy transfer, and on the weight of the thruster system. Rc increases the risetime, decreases the
duration of the constant current phase, and extends the pulse tail. The deterioration of the pulse is caused by
energy dissipation within the network. A small ratio of Rc to the impedance of the network Z0 minimizes this
loss. RL causes a decay of the constant current phase and significant energy losses within the network. The
number of elements in the network, multiplied by the ratio RL to Z0, must be small to minimize this loss. These
losses imply an increased primary power source mass. However, there is a tradeoff between inductor mass (to
minimize RL) and primary power source mass.

I. Introduction

CURRENT interest in electrolytic capacitors as energy
storage units for quasi-steady magnetoplasmadynamic

(MPD) arcs stems from their desirable electrical characteristics
which complement very closely the properties of such
accelerators. The capacitor characteristics consist of their ability
to store electrical charge at high capacity (~10~3 F) and low
voltage (<500 v) which enables a power source composed of
such units to deliver the long duration (>1 msec), high
current pulses (~104-105 amp) which are essential to the
proper operation of a self-field quasi-steady MPD accelerator.
In addition, electrolytic capacitors have a specific mass (~6
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g/joule) which is much smaller than the mass of metallized
paper (~ 14-35 g/joule), impregnated paper (~150 g/joule), or
polycarbonate (Mylar, ~150-300 g/joule) capacitors,1 which
provides for added advantage for space applications.

II. Electrolytic Capacitors
An electrolytic capacitor2 consists of a metal (Al or Ta) anode

plate which is coated by a thin (~1 /mi) electrochemically
deposited layer of oxide (Al or Ta) dielectric (e = 8) which forms
a semiconductor junction. The other "plate" is an electrolyte
retained by a layer of porous paper. A second plate (Al or Ta)
establishes contact with the electrolyte. This construction endows
the capacitor with some unique properties which are summarized
as follows.

a) An extremely large capacitance per unit area, due to the
small thickness and large dielectric constant £ of the dielectric,
which is further increased (~15 x ) by etching the anode foil.
This translates directly into a large capacitance per unit weight.

b) The dielectric-metal semi-conductor junction conducts
when the oxide layer is positive with respect to the coated plate.
Therefore, the capacitor conducts under a voltage reversal, the
uncoated plate oxidizes with a consequent loss of capacitance
and gas is formed which eventually destroys the unit. The diode
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Fig. 1 "LC-Ladder" network schematic.

D in Fig. 1 represents this effect. Currents which would ordinarily
lead to a voltage reversal must, therefore, be avoided.

c) Of the three components of the effective series resistance
Rc: the resistance of the internal conductors, the resistance of the
electrolyte, and the dielectric loss, the latter2'3 is dominant.

For a lossy dielectric, Rc can be assumed proportional to its
thickness and inversely proportional to its area. The converse is
true for the capacitance associated with such a dielectric.
Therefore, when losses in the dielectric are dominant, the product
Rc C is a fundamental time constant associated with a given
capacitor construction. Typical values of RCC are shown in
Table I.2-4'5

Table 1 Typical values of Rc C

Capacitor type

Polycarbonate-oil
Oil-impregnated paper
Electrolytic

0.2- 0.5
2 - 5

50 -100

Because of its small parasitic inductance Lc and large
capacitance C, an electrolytic capacitor is characterized by
Rc C > 4Lc/Rc. Under these conditions, it is well known6 that
fa = (Lc C)1/2 determines the upper limit to the current risetime
in a circuit formed by such a capacitor and tRC = Rc C sets an
upper limit to the current and a lower limit to the duration of
the current pulse which can be obtained from the capacitor.
Both (LCC)1/2 and RCC are left unchanged by a series or
parallel connection of capacitors where, for example, Rc C =
nRc C/n or Rc C = nCRc/n, respectively. It will be shown that
these two quantities play a fundamental role in the design of
a capacitive energy storage unit.

III. "LC-Ladder" Network Design
The task of the designer is to construct a network with nonideal

circuit elements to deliver a pulse of required magnitude and
duration to a load of given impedance with optimal transfer of
energy and minimum weight penalty.

Among the pulse-forming networks which can be applied for
this purpose, the "LC-Ladder" network,7 shown schematically in
Fig. 1, has been extensively used as an energy source for plasma
accelerators.1'3'5'8"14 Its salient features are as follows.

a) It consists of n shunt capacitors and n series inductors
(Fig. 1) and acts ideally for Rc = 0 and RL = 0, as a transmission
line of impedance Z0 = (L/C)112, and a two-way transit time
tp = 2n(LC)1/2. The pulse has a risetime tc = (LC)1/2.

b) Optimum energy transfer is obtained in a single pulse when
the impedance of the load Z — Z0. The pulse, in this case, has a
magnitude / = VJ2Z0 and a duration tp = 2n(LC)112 when the
network is charged to a voltage V = V0.

c) A parallel connection of m networks has an impedance
Z0 = (L/C)1/2/m, while the two-way transit time tp = 2n(LC)1/2

remains unchanged. On the other hand, a "series" connection of
m networks has a two-way transit time tp = 2mn(LC)1/2 while
the impedance Z0 = (L/C)112 remains unchanged.

MPD arcs are, in general, low-impedance devices (10-100 mQ).
Therefore, the goal is to construct a power source of low internal
impedance, taking into account the parasitic quantities Rc and
Lc which will achieve optimal energy transfer. These quantities,
together with the parasitic series resistance RL of the inductors,
determine the design of the network.

A straightforward design approach consists of optimizing one
single network to provide a pulse of the desired shape and
duration, and then utilizing a parallel connection of networks
(as shown previously) to obtain the desired impedance and
current level.

The first constraint to be satisfied is that both the rise-time
and the fall time of the pulse must be a small fraction of the
pulse length. Since tp = 2ntc, tc/tp = l/2n <^ 1 can be satisfied by
n > 5 ; by making n arbitrarily large (~ 20-30) and tc cor-
respondingly small, it would appear that pulses with a very small
fractional risetime could be obtained. However, there are very
severe constraints on tc which arise as a result of the presence
of Rc and Lc.

Previous calculations of Black13 have shown that (LC)1/2 >
(Lc C)1/2 must be satisfied to obtain a pulse of acceptable shape
(~5% ripple). Calculations, as will be shown, also indicate that
minimum energy dissipation requires that (LC)1/2 > Rc C. There-
fore, (LC)1/2 must be larger than the largest of either RCC or
(LCC)1/2. Since in most cases electrolytic capacitors are charac-
terized by Rc C ^> 4LC/RC, then

(LC)1/2>RCC>2(LCC)1/2 (1)
Equation (1) sets a lower limit on the transit time per station

tc = (LC)1/2, also equal to the risetime of the pulse, which can be
obtained with a given type of capacitor. This criterion is
equivalent to /? <| 1 where /? is defined in Eq. (3).

This minimum transit time has a simple physical explanation.
The current pulse in an ideal "LC-Ladder" network7 is formed
by consecutive pulses of approximate duration tc delivered
sequentially by capacitors 1, 2 . . . rc— 1, n, n— 1, . . . 2, 1. Therefore,
a current pulse which approximates ideal behavior can be
obtained when the pulse delivered by each capacitor is shaped
only by the capacitor-series inductor time constant tc and is not
choked either by the parasitic series resistance time constant
tRC or by the parasitic series inductance time constant tLC of the
capacitor.

The series resistance of the inductors RL has a profound effect
on the energy dissipation in the network and the shape of the
pulse it delivers. A portion of the electrostatic energy stored in the
capacitors is transferred and stored in the form of magnetic
energy in the inductors before it is utilized in the load. Therefore,
for minimum dissipation, a design criterion

tp>2L/RL (2)
is expected to apply as well. This criterion is equivalent to
rca ^ 1, where a is defined in Eq. (3).

IV. Network Model and Calculations
The guidelines obtained in Sec. Ill by simple physical

reasoning, will be refined in this section utilizing numerical
calculations performed on a digital computer.

The network model is shown in Fig. 1. Z, L, C, RL, and Rc
are assumed independent of frequency. The effect of Lc, exhaus-
tively investigated by Black,13 is not included in the calculations.
Indeed, for electrolytic capacitors, the condition tLC <^ tc stated
in Ref. 13 is satisfied.

Kirchhoff 's voltage and current relations, applied to the loops
and nodes of the network with the following definitions :

(3)Z0 = (L/C)112 tc = (LC)112

a = RL/Z0 0 = RC/Z0 C = Z/Z0
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Fig. 2 Effect of inductor resistance on current waveform.

T I M E

Fig. 4 Effect of capacitor series resistance on current waveform.

yield 2n dimensionless equations
ji+ 1 -jt (i = 1, n- 1)

j i i •dqjdi = -jn
\ /

i-qi-1 + qi (i = 2,n-l) (5)
djjdl = Pjn-l-(2p + 0)jn-qn-.i + qn

The dimensionless charge in capacitor i is qitjt is the dimension-
less current in the ith inductor, and i is the dimensionless time.
The circuit parameters as well as the initial loading voltage V0
are contained in the dimensionless variables qifji, and i and in the
dimensionless constants a, /?, and f . The initial charge in each
capacitor is CV0; VJZ0 is the current delivered by an ideal
network into a short circuit load; tc = (LC)1/2 is, as before, the
transit time per station; and Z0 is the impedance of the ideal
network, a, /?, and f are the parasitic series resistance of the
inductors RL, the parasitic series resistance of the capacitors
Rc and the impedance of the loads Z; all divided by the
impedance of the ideal network Z0. For example, for an ideal
network discharging into a matched load (Z = Z0), a = 0, /? = 0,
and C = 1.

Calculations performed by previous authors3'7'9'14 with
narrowly chosen parameters are not sufficiently broad to be used
for network design. Therefore, a systematic variation of the net-
work parameters was undertaken to determine their effect on the
behavior of the network and its performance and to allow a
comparison of the calculated results with experimental measure-
ments.

Figure 2 shows the results of calculations for a 6-element net-
work with p = 0 and ( = 1 with a = RL/Z0 as a parameter. The
shunt diode D is not included in the calculations. The
dimensionless current j into the load is displayed as a function
of the dimensionless time i for a ranging from 0 to 1.6. For
a = 0, the ideal case, the pulse exhibits a risetime equal to 1 and a
constant current; = 0.5 with a duration ip = 12. The presence of

a eliminates the steady portion of the pulse which for 0 < a < 0.4
is replaced by an approximately linear decay. For a > 0.4, the
decay has an exponential appearance. The maximum current is
decreased since, for a > 0, the condition ( = 1 actually cor-
responds to a source impedance larger than Z0 which accounts
for both the lower current and a smaller energy transfer
efficiency.

The efficiency of energy transfer rj^ defined as the ratio of
energy delivered to the load Ez in the time tp divided by the
energy initially stored in the network E0, is displayed in Fig. 3.
The efficiency f/a is plotted as a function of £ with a as a para-
meter for the network of six elements with p = 0. The diode D
is included in the circuit with an allowed voltage reversal
VR = — 0.2 F0. The figure shows that r\a is a very sensitive function
of a and that the locus of the efficiency maxima shifts from
C = 1 for a = 0 to higher values of £ as a increases and ^a
decreases. This is understandable, since a increases the impedance
of the network. Typical values of rja are 0.9 and 0.85 for a = 0.01
and 0.05, respectively. Because of the finite rise and fall times
of the pulse, 7/a does not reach unity even for a = 0.

The dimensionless current; delivered by a 6-element network
with a = 0 into a load with L, = 1 is shown in Fig. 4 for different
values of /? = RC/Z0. The ideal network, as before, corresponds to
P = 0. ft dampens the oscillation during the constant current
portion of the pulse and increases the risetime of the pulse. It
also produces a shoulder at the trailing edge of the pulse which,
when combined with the slower risetime (e.g., /? = 3.0), results
in the whale-shaped pulses observed by other authors.1'14 The
figure also shows, when compared to Fig. 2, that for equal values
of a and ft, the effect of /? is much less pronounced on the shape
of the pulse than the effect of a. /? affects only the current
delivered by each individual capacitor, while a affects a large
fraction of the total current flowing in the circuit. Networks with
f$ as high as 0.8 still produce serviceable pulses with a constant
current phase whose duration is about 60% of that of an ideal
network pulse.

0.5 1
LOAD IMPEDANCE

Fig. 3 Effect of relative impedance match and inductor resistance on
efficiency (T = ip, /? = 0).

01 05 1
LOAD IMPEDANCE

10

Fig. 5 Effect of relative impedance match and capacitor series resistance
on efficiency (T = t a = 0).
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Fig. 6 Effect of number of capacitors on current waveform (an = 0.6).

The efficiency of energy transfer rjft is shown in Fig. 5. It is
plotted as a function of ( with ft as a parameter for a 6-element
network with a = 0. The diode D is included in the calculation
with VR = —0.21/,. The locus of maximum rjp shifts to higher (
and lower rjp as ($ increases. Again, r\$ = 1 cannot be achieved
in i = -cp for /? = 0 because of the finite rise and fall time of the
pulse. Wilbur3 has indicated that results such as the ones
presented in Fig. 5 remain unchanged when the parameter p/n =
constant for 5 < n < 20. The efficiencies presented in this paper
(Fig. 5) are the same as the ones shown in Ref. 3 in spite of the
presence of the diode for a reverse voltage, VR = — 0.2^,4

The conjectures presented in Sec. Ill were tested by performing
calculations for networks of constant pulse length tp, constant
impedance Z0, and variable number of elements. This approach
allows the choice of an optimal number of elements n for a net-
work of constant tp and Z0.

Calculations performed for networks of 3, 6, 12, and 24
elements are shown in Fig. 6. rca = 0.6, ft = 0, and f = 1.0 are
held constant and the time is nondimensionalized with respect to
the pulse length. The risetime is inversely proportional to H as
expected. The average rate of decay of the current pulse is
independent of the number of elements. As the number of elements
becomes large, the pulses show a striking similarity to pulses
delivered into a load by a uniform transmission line (e.g., coaxial
cable) with distributed resistance.15 Therefore, replacing a by rca,
the pulses in Fig. 2 can be used to predict the behavior of a
network with an arbitrary number of elements.

Figure 7a shows pulses for networks with n = 3, 6, 12 and 24
for which ft = 0.3, a = 0, and ( = 1.0 are held constant. Again,
the risetime is shortened. The shoulder of the pulse, which is a
feature introduced by Rc retains the same approximate shape.
However, an increase of the number of elements holding ft
constant implies lower over-all losses (parallel connection of a
large number of elements with constant resistance) and an
improvement of the shape of the pulse.

A more realistic calculation is shown in Fig. 7b. The para-
meter fi/n = 0.05 is held constant in this case. This is equivalent
to the use of capacitors of constant Rc C (Sec. II). Since the

Fig. 7a Effect of number of capacitors on current waveform (/? = 0.3).

1/3 2/3 1
TIME V2n

b)

-—m

Fig. 7b Effect of number of capacitors on current waveform (fi/n =
0.05).

over-all losses are approximately constant,3 the pulse tends to an
asymptotic shape. However, the increased resistance per unit as
n becomes large, causes a deformation of the leading edge of the
pulse.

A step was included in the circuit equations' integration
routine to prevent the capacior voltage from going below
VR = 0 and VR = —0.21^ in case of a voltage reversal. The results
are displayed in Fig. 8 for a network with n = 6, a = 0, /? = 0,
and an impedance mismatch corresponding to £ = 0.1. Curve a
corresponds to the ideal network (no diodes). As a result of the
mismatch, the current reverses after i = 13.4 to a value which
corresponds approximately to full voltage reversal. Curve b
shows the effect of the diodes with VR = Q. For i < 12, the pulse
form is the same as for the ideal network, with a slightly higher
current. For T > 12 the pulse shows a gradual drop instead of the
sharp drop displayed in curve a of Fig. 8. In this case, each
capacitor in the network is effectively crowbarred by the diode D.
Curve c was calculated for VR = -0.2F0.J The pulse decay is
gradual as well, but shows a steeper slope.

V. Experimental Results
Electrolytic capacitors can be successfully applied to pulse

forming networks when the rules outlined in Sees. Ill and IV
are observed. As an example, a 6-station network (Fig. 1) was
assembled following such rules from electrolytic capacitors built
for pulse applications.J The properties of the capacitors are
C = 1000juF±10%;RcC = 55^sec±10%;(LcC)1/2 = 7 jusec±
20%;andF0=360v.

These values were measured both by the small signal method2'5
and by testing the capacitor under actual discharge conditions.
The 16-turn, L = 34 fiH and RL = 8.8 mQ inductors were wound
in a continuous 11.4 cm-diam, 6.35 mm-pitch solenoid with a

z
ID

tr
13
O

} Condenser type E 1000/360 sp, Hydrawerk AG, 1 Berlin 65,
Drontheimer StraBe 28-34, West Germany, 1973. Fig. 8 Effect of shunt diode (VR = 0 and VR = - 0.2V0).
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Fig. 10 MPD thruster system mass as a function of inductor resistance.

13.9 mm2 cross-sectional area copper wire. These parameters
determine Z0 = 184 mQ, te = 0.18 msec, tp = 2.2 msec, a = 0.048,
and)? = 0.3.

Figure 9 shows the current pulses delivered by the network
charged to 340 v. The current level is 1000 amp. The load is a
Teflon ablation thruster with a series impendance matching
resistor. The current signatures were obtained by a Rogowsky
coil-passive integrator-Biomation transient recorder combina-
tion. They are displayed in the figure as the irregular traces
obtained with a X-Y plotter. Figure 9a corresponds to a network
whose conductor has a thinner cross section (a = 0.24) and a
load with £ = 0.7. Figure 9b corresponds to the network
described above with a = 0.048 and a load with C = 0.8. The
pulse shape arises from the effect of a and p. The former causes
the steady portion to decay while the latter extends the trailing
edge of the pulse. A reduction of a practically eliminates the
decay of the pulse. Its steady phase, in Fig. 9b has a 1.5 msec
duration. The smooth curves display the results of numerical
calculations which use the measured parameters of the network
and the load as imputs. Their agreement with the experimental
signatures is excellent. This indicates that both the network
model and calculations described in Sec. IV are correct.

A parallel connection of 16 networks presently under construc-
tion will deliver a 16.8 ka, 1.5 msec pulse, similar to the one in
Fig. 9b, into a matched 12 mQ ablation MPD thruster.

VI. Mass Considerations
Reference 3 provides some valuable mass comparisons between

conventional and electrolytic capacitor pulse-forming networks
without taking into account the mass of the inductors. As seen
in Sec. IV, a small a optimizes both the pulse shape and the
efficiency of energy transfer. This implies an increase of conductor
cross-sectional area and, consequently, a higher mass for the net-
work. The tradeoff between higher inductor and lower primary
power source masses is examined in this section.

. Q5

The mass of the inductors, assuming a solenoidal winding is
m, = npw Aw(l2 + 4n2n,2r2)112 (6)

where n is the number of the elements of the network ; pw and
Aw are, respectively, the density and cross-sectional area of the
inductor wire ; /, nlf and r are the length, the number of turns,
and the radius of the inductor section, respectively. Since

oc = RLtc/L=tc(l2 + 4n2n2r2)1'2pe/AwL (7)
where pe is the resistivity of the conductor, the mass of the
inductor is

™/ = PW Pe tc(l2 + 4rc Vr2)/aL (8)
The total mass M of a quasi-steady MPD propulsion system

operating at a constant power level P consists of the mass mp
of the primary power source (solar array + power conditioning),
the mass mc of the capacitors, and the mass m/ of the inductors.
The mass of the required radiators has been neglected in Eq. (9),
which gives the total mass M of the system as a function of a
and /?, which are included directly in the efficiency Y\^

Fig. 9b Experimental and predicted current waveforms (a = 0.048).

M = P/yrj^ + anCV0 + npe pw tc(l2 + 47r Vr2)/La (9)
where y is the specific power of the primary power source (w/kg) ;
o is the specific mass of the electrolytic capacitors (kg/coul) ; and
V0 is the charging voltage. */a/5 is obtained from a plot similar to
Fig. 3 calculated with the appropriate value of /?.

To estimate the different terms in the equation above, a
calculation was performed using typical numbers for a state-of-
the-art MPD thruster system, excluding the mass of propellant
and thruster head. The system mass is calculated as a function of
a, assuming a pulse of fixed duration tp = 2.4 msec with n = 6,
tc = 2 x KT4 sec, Z = 0.1 Q, V0 = 350 v, 0 = 0.3, and / = 0.2 m
as a geometric constraint. The other constants are P = 104 w,
y = 50 w/kg, o = 1.3 kg/coul3, pe = 1.72 x 10 ~4 Qm, and pw =
8.9 x 103 kg/m3.

Assuming an a and the above constants, rj^ and £ are obtained
from a plot similar to Fig. 3 for optimal energy transfer, follow-
ing the locus of maximum rya/5. Since tc and Z are fixed, (
determines L and / determines n{ r through

L = n0nn2r2/l (10)
M in Fig. 10 exhibits a flat minimum for a between 0.01 and
0.1 with a value of the order of 260 kg. For smaller a the mass
increase is caused by the heavier inductor; for larger a it is
mainly due to the steep rise of the primary power source mass
required to make up the decreased energy transfer efficiencies.
The share mc/M < 0.025 of the electrolytic capacitors' mass is
almost negligible. A reduction of Rc to zero (p = 0) would lower
the total mass to some 250 kg.

VII. Summary and Conclusions
The energy dissipation caused by the series resistance of the

capacitors in a pulse-forming network increases the rise-time,
produces a shoulder, and extends the tail of the current pulse.
The dissipation in the series resistance of the inductors, on the
other hand, causes a decay of the steady phase of the pulse. Energy
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dissipation is minimized when both the ratio of capacitor series
resistance to network impedance and the ratio of the product of
inductor series resistance times the number of elements to the
impedance of the network are kept small.

The diode associated with the capacitors affects the pulse
only when there is a large impedance mismatch between the
network and the load. This mismatch must be avoided.

Net works constructed according to these simple rules provide
excellent pulses for quasi-steady MPD accelerator operation.

The primary power source comprises the largest mass fraction
of an MPD thruster system. The system mass as a function of
inductor resistance exhibits a shallow minimum which arises
because of a tradeoffbetween inductor and primary power source
mass. A reduction of system mass can be accomplished by a
higher specific power for the primary power source, a lower
product of density and electrical conductivity of the inductor
conductor, and a lower series resistance of the capacitors.
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